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1 Introduction

A word over an algebra A is a finite sequence of elements of A, parentheses, and operations of

A defined recursively: Given each m-ary operation o of A, if ay, as, ..., a, are words, then
o(ay,as,...,ay) is also a word. The word problem over an algebra A is the following decision
problem:

Question. Given a pair of words wy,ws over A, is w; = wg in A?

The related isomorphism problem is the decision problem that asks if two algebras are isomor-
phic.

The word problem was first introduced by Dehn in 1911. He proved that it was solvable for
some groups, but it was proved undecidable in the general case by Novikov in 1955 [7]. Since then,
the word problem has been proved either decidable or undecidable for many algebras, including
many types of groups [2] [4]. See [8] for more. However, far littler is known about the word problem
in quandles.

A quandle is an algebraic structure that arises from the Reidemeister moves for knots. It is a
complete invariant of knots, but the isomorphism problem is extremely difficult in quandles. The
word problem over quandles is a step in the direction of the isomorphism problem. While the word
problem in general is undecidable in quandles, the word problem for free quandles (analogous to
free groups) is decidable.

In 1984, Winker introduced a notion of Cayley graphs for quandles [10]. This was motivated
by the use of Cayley graphs for groups. A Cayley graph of a group is a representation of that
group that depicts its structure: There is a vertex for every element in the group and an edge from
elements x to y labeled with a generator g of that group if xg = y [5]. Cayley graphs for groups
are important for the following reason:

Theorem. The word problem for a group with a generating set S is solvable if and only if there
exists an algorithm to construct any finite portion of the Cayley graph of the group with generating
set S.

Thus a good translation of Cayley graphs for groups into one for quandles may help solve the
word problem in quandles.

In this paper, we improve the algorithm introduced by Winker to create Cayley graphs for
quandles. We guarantee that finite quandles’ Cayley graphs are constructed in finite time, and that
every element in the quandle is included in the graph, two guarantees that the original algorithm
does not make. Using this improved algorithm, we are able to 1) classify certain classes of quandles
and 2) solve the word problem for certain classes of quandles. In doing so, we introduce a technique
that can be used to solve the word problem for other quandles. Those classes of quandles include
quandles made from Coxeter groups, and quandles with a single relation. Coxeter groups and single-
relator quandles were chosen because of their nice presentations and the fact that the word problem
in Coxeter groups and single-relator groups is solved [8] [9]. Our main results are the following:
First, an algorithm for constructing Cayley graphs that satisfies all of our desired properties. It
always constructs the Cayley graph, and will do so in finite time if the quandle is finite. Furthermore,
if it constructs any finite portion of the graph in finite time for a given quandle, it is guaranteed to
solve the word problem for that quandle. Our second main result is that all one-relator involutory
quandles on two generators have a solvable word problem.



Section 1.1 introduces quandles and quandle presentations. Section 1.2 introduces Cayley graphs
for quandles. Section 2 gives an improved algorithm for finding Cayley graphs for quandles, and then
proves its correctness and effectiveness. Section 3 gives some examples of quandle presentations,
and how to use the algorithm to classify and solve the word problem. Specifically, it introduces a
translation of groups to quandles, and solves the word problem for the quandles associated with
certain Coxeter groups. In Section 3.1, we classify one-relator involutory quandles on two genera-
tors, and give more general results on how to solve the word problem in other quandles using the
algorithm.

1.1 Quandles and Presentations

A quandle is defined as the following:

Definition 1. A quandle (Q,*,/) is a set @ together with two binary operations =, / such that
I. Idempotence: z xx =z

ITA. Right Cancellation A: (z*y)/y =2z

IIB. Right Cancellation B: (z/y) xy =z

ITI. Right Self-Distributivity: (z*y) * z = (z % 2) * (y * 2)

for all z,y,z € Q.

We call the two operations multiplication and division respectively. Despite what these names
might imply, the two operations are not at all similar to the multiplication and division found in
the integers and are simply called so for the sake of convenience.

As a slight abuse of notation, we typically call Q) the quandle. Note that due to cancellation,
the / operation is uniquely defined by the * operation. In other words, we only need to define the
* operation to well-define a quandle.

If an algebraic structure satisfies only axioms II and III, it is called a rack. If the two operations
x and / define the same operation, then it is called an involutory quandle. That is,

Definition 2. An involutory quandle (@, x) is a set @ together with a binary operation * such that
I. Idempotence: z xx =z

IT. Right Cancellation: (z*y)*y ==z

ITI. Right Self-Distributivity: (z*y) * z = (z * 2) * (y * 2)

for all z,y,z € Q.

It is always possible to left-associate words in a quandle. If a word is left-associated, and no
idempotence or right cancellation rule can be applied, it is said to be in normal form. For example,

a*x((bxc)xa)=((((axa)*xc)*b)xc)*xa=(((a*c)*b)xc)x*a.

When written in left-associated form, in involutory quandles and only when it is clear, we
typically write it without explicitly showing the operations. For example, (((a * ¢) * b) * ¢) * a may
be written as acbca.

There are many ways to make quandles, including from groups. The following are a few exam-
ples:

Example 3. Let (G,0) be a group. Then (G, *, /) where x is defined as z xy £ y~!

defined as x/y = yry~' is a quandle called the conjugation quandle of G.

xy and / is



Proof. Tt is not difficult to prove that this is a quandle by showing that it satisfies the axioms of a
quandle:

Lrzsz=x'ar=n2

IL (zxy)/y=(y~lay)/ly=yly lay)y ' ==

1L (z/y) xy = (yzy™") xy =y (yzy~ )y = z.

Iv.
(xxy)xz=(y ‘ay)*z
=z Ny tay)z
and
(xx2)* (y*2) = (2 az) % (2 y2)
= (z7'y2) Nz ) (2 y2)
() () (5 g2)
= zilyflxyz.
Then (zxy)*xz = (z* 2) * (y * 2). O

Another way to create quandles from groups is through the cyclic group:

Example 4. Let Z, be the cyclic group of order p. Then the dihedral quandle (Z,,*, /) is the
quandle defined by x * y = 2y — x (mod p) and z/y = 2y — z (mod p).

Note this is an involutory quandle.

For more examples, we consider quandle presentations, analogous to group presentations: A
quandle presentation is a set of generators G and a set of relations R, written (G|R). This is a
quandle whose underlying set are equivalence classes of words. To define this, we first need to define
some useful sets of words (languages), relations, and how to derive new relations from them.

First, an alphabet is a set of symbols. If we let A be the alphabet consisting of the symbols
(,),*,/ and elements of a set G, then a word over A is a sequence of those symbols. Since we don’t
want nonsense words, we define a couple of useful languages:

Definition 5. L(G) is the language over A defined recursively in the following manner:
1. For every g in G, g is in L(G).
2. Given two words z and y in L(G), (z) * (y) and (z)/(y) are also in L(G).

Typically, parentheses are omitted when it is clear they are unnecessary. For example, given
a,b in G, (a) * (b) is typically written a * b.
As mentioned above, words of a quandle have a normal form:

Definition 6. N(G) is defined as the subset of L(G) where z is in N(G) if

x:(---((91092)°93)°~-~09n—1)09n

for g; in G and o in {x,/}, such that g; # g2 and z contains no subexpressions of the forms
(y * gi)/giv1 or (y/gi) * gi+1 where y is a subexpression and g; = g;+1.



There is an onto normalization function n : L(G) — N(G). This function is defined by repeated
uses of the axioms to first get an arbitrary word into left-associated form, and then use the first two
axioms to cancel any repeated generators. For this paper, it will also be useful to consider words
that have been left-associated and right-cancelled, but idempotence has not been ‘used’. We will
call this form canonicalization:

Definition 7. C(G), the set of canonicalized words, is defined as the subset of L(G) where z is in
C(G) if
x=(..((g1og2)0g3)0...00n_1) O gn

for g; in G and o in {x,/}, such that = contains no subexpressions of the forms (y * ¢;)/g;+1 or
(y/g:) * gi+1 where y is a subexpression and ¢g; = ¢;+1.

Given a word z in L(G), we write 2’ to be the canonicalized form of .
Now we define how to derive relations over these language from other relations:

Definition 8. A derivation A(X) over a language L and set of relations R is a finite sequence
of relations in L such that each relation p; = ¢; can be derived using the previous relations p; =
q1,P2 = q2,...Pi—1 = g;—1 in the sequence and R using a set of rules X.

In this paper, we will use a few different rule sets. To describe a derivation, it suffices to describe
the set of rules and the language L. For a language L, we call X (R) the set of relations for which
there is a derivation A(X) that includes that relation.

Example 9. We call D the type of derivation, over the language L(G) for some set of generators
G, under the following rules:

Reflexivity: For any word w in L(G), derive w = w.

Symmetry: Given a relation p = ¢ derivable from R, derive g = p.

Transitivity: Given relations p = ¢ and g = r derivable from R, derive p = r.

Right Multiplication: Given a relation p = ¢ derivable from R, and for any word w in L(G),
derive px w = q * w.

Left Multiplication: Given a relation p = ¢ derivable from R, and for any word w in L(G),
derive w x p = w * q.

Using D and a given set of relations, we can derive new relations. For example, using the relation
axb = ¢ and the relations deriving from the quandle axioms, we can derive (b (a*b))*(cx(axb)) = b:

1. a* b= c (primary relation)

2. (bxc)*(a*xb) = (bxc)*c (left multiplication of 1. by b ¢)

3. (bxc)*c=b (involutory quandle axiom)

4. (bxc)* (a*b) =b (transitivity of 2. and 3.)

5. (bx(a*xb))*(c*x(axb)) = (bxc)*(a+b) (involutory quandle axiom)
6. (bx (axb))* (cx*(ax*b)) =0 (transitivity of 4. and 5.)

This is then a derivation A(D) over the language L(G) and R = Ag U {((a * b),c)}, where
G ={a,b,c} and Ag is defined below.



Definition 10. Given a generating set G, Ag is the set of relations of the following forms:
TkT =1
(zxy) vy =2
(xxy)*z=(xx*xz2)*(yxz) for z,y,z in L(G).

We now have the tools to define a presentation of a quandle. We start with the presentation of
an involutory quandle:

Definition 11. The involutory quandle given by the presentation (G|R) is defined to be L(G)/D(RU
Ag).

That is, (G|R) is the underlying set L(G) where equality of words is given by the set of relations
D(RU Ag). Tt is not difficult to check that this is an involutory quandle. In the non-involutory
case, we need to use the non-involutory quandle axioms instead:

Definition 12. The quandle given by the presentation (G|R) is defined to be L£(G)/D(RU Ag)
where L is L with the addition of right division and left division and A¢ is the set of relations of
the following forms:

(x*y)_/y:x
(z/y)xy ==

(xxy)xz=(xx2)*(yxz)for z,y,z in L(G).

See [3] or [6] for other equivalent constructions. This will be our main source of quandles.
It is possible to create quandle presentations from knots. The underlying set will be the arcs of
a given diagram for the knot, and the operations are defined by the crossings:

Example 13. Let K be a diagram of an oriented knot. Let A be the set of arcs of K. Let R be
the following set of relations: Where b is the overcrossing arc and a and ¢ are the undercrossing
arcs, let a/b = ¢ be in R if it is a right-handed crossing and let axb = ¢ be in R if it is a left-handed
crossing.

b b

Figure 1: Left-handed crossing Figure 2: Right-handed crossing

Then the knot quandle is the quandle given by the presentation (A|R).

It turns out that this quandle is a complete invariant of knots. This is a primary motivation for
the use of quandles. In fact, the quandle axioms come directly from the Reidemeister moves: In



order to prove that this quandle is an invariant, it must be invariant over the Reidemeister moves,
which in turn means that any algebraic object created in this manner must satisfy a number of
axioms, which just so happen to be the quandle axioms.

The following is an example of an involutory knot quandle.

Figure 3: The figure eight knot

Example 14. First we label the arcs of a figure eight knot, as shown in Figure 3. Then the

involutory quandle presentation is {a, b, ¢, dlaxb = c¢,cxd = b,bxa = d,d*c = a). Note since this is

for an involutory quandle, / is defined to be * and the handedness of each crossing does not matter.
Written as a Cayley table (a multiplication table), the quandle looks like:

* a b c d axd
a a C d axd b
b d b ax*d C a
c axd a c b d
d b axd a d ¢
axd C d b a axd

For each row i and column j the entry at (4, 7) is @ * j.

Remember that a quandle is uniquely defined by its % operation, so there is no need to give a
table for its / operation.

Or viewed as a Cayley graph, which will be discussed in more detail later, it looks like Figure 4.

a
%
b c
d
b
c ¢ —qad=—d d
a
c
d a
O
b

Figure 4: Involutory Cayley Graph for {a,b,c,dla*xb=c,cxd=0bbxa=d,d*c=a)



But how do we know that those are the only elements of the quandle? How do we know that
two of those elements aren’t actually the same? Formally, we want to solve the word problem:

Definition 15. Let Q =< G|R >. The word problem over @ is the following decision problem:
Instance: A pair of words wq,ws in L(G).
Question: Is wy = ws in Q7

This is equivalent to asking if the relation wy = ws is in a derivation A(D) over L(G) and the
relations R.

We will need additional tools to be able to answer this question.

We will attempt to answer this question for a variety of quandle presentations.

1.2 Cayley Graphs

In order to better determine what a quandle looks like from its presentation, it will be helpful to
depict what the generators do to the words.

Definition 16 (Winker). The Cayley graph of a quandle @ = (G|R) is a directed, labeled graph
associated with @) such that there is exactly one vertex labeled x for every z in @ and whenever
x % g =y for elements =,y € @ and generator g € G, there is a directed edge from = (the vertex
labeled ) to y labeled g.

Note we say that a word x labels a vertex if x in canonical form can be found at that vertex by
following the appropriate edges. z x g is found by following the directed edge from x labeled g. z/g
is found by following the directed edge to = labeled g.

In the case of an involutory quandle, we can use undirected edges instead, because = *x g = y
implies y x g = x:

Definition 17 (Winker). The Cayley graph of an involutory quandle @ = (G|R) is an undirected,
labeled graph associated with @ such that there is exactly one vertex labeled x for every z in @
and whenever x x g = y for elements z,y € @ and generator g € G, there is an edge between x (the
vertex labeled x) and y labeled g.

The construction of these graphs can very difficult and may not always be possible. This directly
relates to the difficulty of the word problem. When the word problem isn’t solvable, it is not possible
to create its Cayley graph, because if it were then you could use the graph to solve the word problem.
Nevertheless, the following conditions hold in Cayley graphs:

1. For every g € G, there is a vertex labeled g (with an edge labeled g that directs to itself.)

2. For every vertex q and g € G, there is exactly one edge labeled g directed from ¢ and exactly
one edge labeled g directed to ¢g. (Note in the case of involutory quandles this just means
that there is exactly one edge labeled g at q.)

You can see that these conditions hold in the example given in Figure 5. Note it is easy to
determine what element of the quandle any word over the generators is equal to by converting the
word to normal form and then following the edges, starting at the first generator in the word.

It is not easy to tell, however, if this graph is in fact the Cayley graph for (a, blababa = b, babab =
a). Namely, are there any elements of the quandles that appear at multiple vertices? Winker
describes an algorithm that ensures the graph created is in fact the Cayley graph: no elements are
duplicated in the graph [10].



a b

a

ba
N
aba

Figure 5: Involutory Cayley Graph for IQ(I3) = (a, blababa = b, babab = a)

b
ab

2 Constructing Cayley Graphs

We need to ensure that the relations R given in a presentation (G|R) are reflected in a graph.
Unfortunately, there are other so-called secondary relations that can be derived from R and the
quandle axioms that may not be reflected in the graph that the algorithm also must take into
account. For example, in a quandle with the relation (a * b) x a = b, even if this relation is reflected
in a graph by a path from a to b through a * b, other relations that can be derived from it are not
reflected by this path, such as bx ((a*xb)xa) = b or ((axb)xa)*(a+xb) = bx (axb). The question is
then what relations you need to consider to make sure all possible relations derivable are reflected
in the graph. It turns out that two kinds of other relations are sufficient:

Definition 18. Let Q = (G|R). Let S(R), the secondary relations of R, be the set of relations of
the form x s = z * t for all z in C(G) and relations s =t in R.

Definition 19. Let Q@ = (G|R). Let I, the idempotency relations, be the set of relations of the
form g x g = g for all g in G.

Using these relations, we can create the Cayley graph of a quandle (G|R) by adding and merging
vertices in a partially finished graph until there are no more relations to consider. The proof of its
correctness will be given for the Cayley graphs of involutory quandles, but the general proof for
non-involutory quandles follows in the same manner. The algorithm when the quandle is involutory
is as follows:

Algorithm 20. Let (G|R) be a quandle presentation where |G|, |R| < co. If |R| =0, i.e. if (G|R)
is the free quandle, then to simplify the algorithm and its proof we set R to be (G|g = g) for some
g in G. (The proof that all elements of the quandle are represented in the quandle relies on the
existence of at least one relation, and this added relation does not change the quandle.)

Start with the partial graph consisting of a vertex labeled g for every g in G. Then trace the
relations RU Ig. To trace a relation is to do the following:

For a given relation ajas...a; = biba...b;, If ajas...a; or biby...b; are not in the graph,
create the necessary edges and vertices. That is, create the vertex ajas and the edge labeled as
from a; to ajas, etc.

Then merge the two vertices ajas...a; and b1by...b; by removing one of them and setting all
the edges that used to go from that vertex to the other.



Then repeat the following until there are no more vertices to merge: For any newly merged
vertices p and ¢ and for all g in GG, merge the vertices p *x g and ¢ * g if both vertices exist in the
partial graph.

After RUIg has been traced, we will trace a subset, which we will call T, of S(R) in the following
manner: For each relation p = ¢ in R, trace x * p = x % ¢ if z is a label of a vertex in the graph or
x = y * g for some y which is a label of a vertex and all g in G. (Note that it is not necessary to
trace x % p = x * ¢ if it has already been traced.) After these relations have been traced, there may
be new vertices in the graph. Repeat tracing this set of secondary relations until there are no new
vertices in the graph.

Note that this algorithm will not terminate if the quandle is infinite. However, the algorithm
will nevertheless be helpful in showing what the structure of these infinite quandles is.

Now, in the general case when the quandle isn’t necessarily involutory, we modify this algorithm
in the following ways: The algorithm instead creates directed edges. When two vertices labeled p
and ¢ are merged, now not only p* g and ¢ * g need to be merged for each g in G, but p/g and ¢/g
also need to be merged. Similarly, the secondary relations z *x p = x * ¢ and x/p = x/q need to be
traced for each primary relation p = g where x is a label of a vertex or x = y x g for some y which
is a label of a vertex and all g in G.

Example 21. As an example, we show how the algorithm runs on the involutory quandle presen-
tation (a,bla *x b = a). First, we create a vertex for every generator, as shown in Figure 6.

a b
Figure 6: Partial Cayley Graph for (a,b|a * b = a) with the generators

Then the relations I are traced, as shown in Figure 7.

b
W

8=

Figure 7: Partial Cayley Graph for (a,bla * b = a) with the generators and I

After, the primary relation is traced, as shown in Figure 8.

b
W

-« (8-

Figure 8: Partial Cayley Graph for (a, blaxb = a) with the generators, I, and the primary relations
Then, the secondary relations are traced. There are two vertices, a and b, and there is one word,

b * a, where b * a = x * g where x is either a or b and g is a generator, but z * g is not already in
the graph. Then the secondary relations that are traced are a x (a xb) = a*a, bx (axb) =b=*a,

10



a

b
oXe
|

O
b

IS)

ba

Figure 9: Cayley Graph for (a,bla *b = a)

and (bxa)* (axb) = (bxa)*a. Converting these to canonical form, we get abab = a, bbab = ba,
and babab = b. These are then traced, resulting in Figure 9.

Since the secondary relations have already been traced for every vertex in the graph and for
every x * g, where x is a label of a vertex and g is a generator, = * g is already labeled by a vertex
in the graph, the algorithm terminates. Then Figure 9 is the Cayley graph for {(a,bla * b = a).

We prove that the algorithm works in the involutory case. In order to prove this algorithm
works, we will need to show that any relation that can be derived from the presentation is reflected
in the graph and that there is one and only one vertex for every distinct element in the quandle.
We start with the first of these.

To do this, we show which relations are automatically implied by tracing some given set of
relations:

Proposition 22. Let 11 be the partial graph given by using the above algorithm to trace each relation
in some set R over the generators G. Two words v and w label the same vertex if and only if the
relation v = w is in D,.(R) over the language C(G), where D,. is the following set of rules:

Reflexivity: For any word w in C(Q), derive w = w.

Symmetry: Given a relation p = q derivable from R, derive ¢ = p.

Transitivity: Given relations p = q and ¢ = r derivable from R, derive p = r.

Right Multiplication of generators: Given a relation p = q derivable from R, and for any gener-
ator g in G, derive (p* g) = (¢* g)'.

Proof. First assume v = w is derivable over D, but v and w do not label the same vertex. If v = w
is derivable, then there is a series of steps resulting in v = w, each of which results in a derived
relation. Let the relation # = y be the first relation in these steps where z and y don’t label the
same vertex. Now there will be a contradiction no matter what kind of step derived = = y:

If x = y was a relation in R, then x and y label the same vertex, as dictated by the construction
of II, a contradiction.

Reflexivity: The relation is in the form z = z. But z must label the same vertex as z, a
contradiction.

Symmetry: The relation x = y is derived from y = x. But y and z label the same vertex, as
this relation was the first relation which doesn’t label the same vertex, a contradiction.

Transitivity: The relation z = y is derived from = = z and z = y. But then z labels the same
vertex as z and z labels the same vertex as y, so x labels the same vertex as y, a contradiction.

Right multiplication of generators: The relation is in the form p x g = ¢ * g for some ¢ in G,
derived from some relation p = ¢. But by assumption p labels the same vertex as ¢, and by the
construction of II p * g must label the same vertex as ¢ % g, a contradiction.

11



For the other direction, assume that v and w label the same vertex. Then at some point in the
construction of II, two vertices labeled v and w were merged. In this case, either it was a relation
of R, in which case it is certainly derivable, or v = p* g and w = g * g for some two vertices labeled
p and ¢ that were merged. Inducting over the length of the word, p = ¢ was derivable, and so
p*x g = q=* g is also derivable. O

Unfortunately, this means that the Cayley graph doesn’t reflect all of the rules that can be used
to derive new relations. To reflect left multiplication, we need to trace additional relations. These
are the secondary relations S(R):

Proposition 23. Let x = y be in D(R) for some set of relations R over L(G) for some set of
generators G. Then o’ =y’ is in D.(RUS(R)) over C(G).

Proof. Since x = y is in D(R), there is some derivation A(D) to = y. For each relation in
A(D), replace it with its canonicalized form. Let D’ be D with canonicalization. That is, D’ is the
following set of rules:

Reflexivity: For any word w in L(G), derive w’ = w'.

Symmetry: Given a relation p = g derivable from R, derive ¢’ = p’.

Transitivity: Given relations p = g and ¢ = r derivable from R, derive p’ = r’.

Right Multiplication: Given a relation p = ¢ derivable from R, and for any word w in L(G),
derive (p * w) = (g *xw)’.

Left Multiplication: Given a relation p = ¢ derivable from R, and for any word w in L(G),
derive (w * p)’ = (w * q)".

This new sequence will be a valid sequence in A(D’), so ' = y' is in D’(R). We now need
to recast this derivation to be a derivation A(D,). However, as it stands, it may contain right
multiplications by an arbitrary word w in C(G): p = ¢ implies (p *x w)’ = (¢*w)’. But (p*xw) =
pg19g2 - - . g; and similarly (¢ * w) = qg1g2 ... gi, so this derivation may be expanded to a series of
right multiplications by generators, one of the rules of D,..

It also may contain left multiplications by an arbitrary word w in C(G). We show that when
there are no left multiplications before a given one that derives the nth relation of the derivation,
the first n relations can be recast to a sequence of relations that do not use left multiplications but
instead may use relations from S(R). This suffices, as for any subsequent left multiplications this
process can then be repeated until there aren’t any left multiplications left in the recast sequence.

So assume that there are no left multiplications before the given one that derives the nth relation,
T *x p = x * ¢, of the derivation, where p = ¢ was the relation used to derive this one. This will
be shown by induction on the number of relations in the derivation. In other words, either the
left multiplication will be moved earlier in the derivation and we repeat, or it will be removed.
In general, the way we do this is through the involutory quandle axiom III: We recast relations
derived from left multiplications by first using a secondary relation and then deriving what we
would have derived from the left multiplications by right multiplications by generators and then
taking advantage of the involutory quandle axiom III.

The base case is when n = 1. The claim is vacuously true, as any left multiplication requires
using a previous relation in the derivation, which is a contradiction when there is only one relation.
Now suppose the claim is true for some n — 1. It now suffices to show that we can recast this
sequence so the left multiplication occurs no later than deriving the n — 1th step. We do this with
a case-by-case analysis on the n — 1th step, which is without loss of generality one of the relations
used to derive the nth relation:

12



If the n — 1th relation is p = ¢ in R, then the nth relation can remain x *p = x % ¢, as it is a
relation in S(R).

If the n — 1th relation is y * p = y x ¢ in S(R), then the following sequence of relations may be
substituted:

(n—1) z*p=xx*q (relation in S(R))

(n) x*p*xy=2x*q=*y (right multiplication)

(n+2

)

(n+1) z+xp*xy*p=x*q*yx*p (right multiplication)
) (zxgxy)*xp=(z*xq*y)*q (relation in S(R))
)

(n+3) xxpxy*xp=uxxqx*yx*q (transitivity)

This last relation is the desired one, = * (y * p) = z * (y * ¢), in canonicalized form.

If the n — 1th relation is derived from the symmetry rule, i.e. this relation is p = ¢, was derived
from some earlier relation ¢ = p, and the nth relation is x * p = x * ¢. Then we can substitute the
following relations:

(n—1) % q=xxp (left multiplication)
(n) p = q (symmetry)
(n+1) xxp=2a*q (symmetry)

Now apply the induction hypothesis to recast the first n — 1 relations.

If the n — 1th relation is derived from transitivity, i.e. the n — 1th relation is p = ¢ and was
derived from earlier relations p = r and r = ¢q. Now we need to create two different derivations
which has been changed only in the n — 1th step. The new n — 1th steps are x * p = x * r and
x*r = x*q. We can apply the induction hypothesis to both of these new derivations to recast
them, and then derive x * p = x * ¢ from those derivations, as desired.

If the n— 1th relation is derived from right multiplication of a generator, i.e. the n— 1th relation
is px g = g+ g and was derived from an earlier relation p = ¢q. Then we can substitute the following
relations:

(n—1) (xxg)*p=(xx*g)*q (left multiplication)
(n) px*g=q=g (right multiplication)
(n+1) xxg*xpxg=ux*g=q=*g (right multiplication)

This last relation is the desired one,  * (p * g) = x * (¢ * ¢g), in canonicalized form. Now apply the
induction hypothesis to recast the first n — 1 relations.

Now note that we may assume reflexivity is not used, as the only relations that can be derived
from it is the relation w = w, which is a derivation already in the desired form.

This is all the possible cases, and so we have successfully moved up left multiplications until they
could be replaced with relations from S(R). Hence this new derivation to ' =y’ is a derivation
A(D,) using the relations RU S(R). Thus 2’ =4’ is in D,.(RU S(R)). O

Now we can prove that two words are equal if and only if they can be derived in the manner
appropriate for the Cayley graph using only the sets of relations R, S(R), and I.

13



Corollary 24. p=q is in D(RU Ag) if and only if p' = ¢’ is in D, (RUS(R)U I¢g).

Proof. Assume p = ¢ is in D(RU Ag). By Proposition 23, p’ = ¢’ isin D,.(RU Ag U S(RU Ag)).
However in D,. derivations all relations are canonicalized, in which case relations from Aq correlating
to axioms II and IIT are unnecessary, as they are trivialized when canonicalized to x = x, which is
already a rule in D,.. Then D,.(RUAgUS(RU Ag)) = D,.(RUS(R)U Ig).

For the other direction, since there is some derivation A(D,) to p’ = ¢/, A(D,.) can be recast
by removing all canonicalization and by changing all instances of axioms from S(R) to uses of the
left multiplication rule. Also, I C Ag, so this is now a derivation A(D) to p = g using only the
relations RU A¢g. Hence p= ¢ isin D(RU Ag), as desired. O

Since R, S(R), and I are the relations traced in the algorithm and D(RU Ag) are the relations
that can be derived from the presentation, this shows that any relations that can be derived from
the presentation is reflected in the Cayley graph.

Now we show that there is one and only one vertex for every distinct element in the quandle.

Proposition 25. Let " be the graph constructed as by the above algorithm for a given quandle
presentation Q = (G|R). For every x in C(G), x labels some vertex in T.

That is, all of the necessary vertices are in the graph.

Proof. Let © = g1g2 ... gn in C(G). If = z is a relation in RU I for some z in C(G), then by the
definition of the algorithm = would have been traced, and x indeed labels some vertex. Otherwise,
we prove using induction over n that x xp = x * ¢ for p = ¢ in R gets traced. ¢; is a generator and
therefore g1 * p = g1 * ¢ is traced. Now assume that g1gs...9; *p = g192 ... g; * q is traced. Then
g192 - .. g; is a vertex in I'. Thus either g1gs ... ¢g;g;+1 is already a vertex in I', or it isn’t, but then
gi+1 is a generator and g1 go ... g; is a vertex, so gi1g2 ... ¢iGi+1 *P = g192 - - - §igi+1 * ¢ subsequently
gets traced. Since by definition of the algorithm, |R| > 0, g1g2 . .. g;g, labels some vertex. O

Finally, we prove that there is only one vertex for every unique element of the quandle.

Corollary 26. Let T" be the graph constructed as by the above algorithm for a given quandle pre-
sentation Q = (G|R). Then p and q are the same element of the quandle if and only if p' and ¢’
label the same vertex of I'.

Proof. By definition, p and ¢ are the same element of the quandle if and only if p = ¢ is a relation
in D(RU Ag). By Corollary 24, p = ¢ is a relation in D(R U Ag) if and only if p’ = ¢ is in
D,.(RUS(R)UIg). And by Proposition 22, p' = ¢’ is in D,.(RUT U Ig) if and only if p’ and
¢’ label the same vertex of I', where T is the subset of S(R) traced in the algorithm. Recall T
is composed of one secondary relation for each vertex in I'. It remains to show that p’ = ¢’ is in
D, (RUS(R)UIg) if and only if p’ = ¢’ is in D, (RUT U Ig). First of all the backwards direction
follows from T being a subset of S(R). Now let A(D,) be a derivation of the relation p’ = ¢’ in
D,.(RUS(R)U Ig). For each secondary relation x x a = x *x b in A(D,), let y x a = y * b be the
relation in T such that z and y label the same vertex in I'. From the definition of the algorithm,
there is at least one relation in T" z*a = z*b such that z labels a given vertex. Also, by Proposition
25, the vertex at z exists, so this relation exists. « and y label the same vertex in I', so x = y is in
D, (RUTUIg). Let §(D,) be the derivation of x = y. Then we may replace the secondary relation
x*xa=x*b with:

Loz =y (6(Dy))
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2. x*xa =y *a (sequence of right multiplications by generators)
3. xxb=yxb (sequence of right multiplications by generators)
4. y*a=yx*b (relation in T')

5. x % a =z *b (transitivity)

This derivation now uses only relations in D,,(RUT U Ig), so p’ =¢' isin D.(RUT U Ig), as
desired. 0

We now put together the above proofs to show that the construction for the Cayley graph is
correct:

Theorem 27. Let I" be the graph constructed as by the above algorithm for a given quandle pre-
sentation Q@ = (G|R). Then T is the Cayley graph for Q.

We must show that the above algorithm satisfies Definition 16.

Proof. First we need to show that if xx g = y for x,y in Q) and g in G, there is a directed edge from
x to y labeled g. But if x x g = y in @, then by Corollary 26, x * g and y label the same vertex, i.e.
there is an edge from z to y labeled g.

Now we must show that for every ¢ in @), there is a vertex in I" labeled q. Write ¢ in canonicalized
form. Then this follows directly from Proposition 25.

Finally, we must show uniqueness of the vertices, i.e. if p = ¢ in ) then p and ¢ label the same
vertex. This is implied by Corollary 26, so I' is indeed the Cayley graph for Q. O

We now show that not only is the algorithm correct, but that it works quickly enough to be
useful. Namely, we want the algorithm to take finite time when the quandle is finite.

Theorem 28. Let Q = (G|R) where |G| and |R| are finite. If |Q| is finite, then Algorithm 20 takes
finite time.

Proof. Tt suffices to show that |[RUT U I¢| is finite. Since |G| and |R| are finite, |R U I¢| is finite.
Now in the tracing of T, in each iteration, |R| times the number of new vertices in the graph are
traced. The number of new vertices is bounded by the total number of vertices at the end of the
algorithm, which must be finite if @ is finite. Then |T'| is finite, as desired. O

3 Using Cayley Graphs

Using Cayley graphs allows us to simplify argumentation about quandles quite a bit. In order to
show the desirability of this simplification, we show how to bound the size of a quandle with and
without quandles. The quandles we will do this for are quandles that come from Coxeter groups.
See [1] for more on Coxeter groups. We introduce a method to create quandle presentations from
Coxeter groups:

Definition 29. For a Coxeter group H given by presentation (G|R), we define Q(G, R) to be the
quandle given by the presentation (G|R’), where

R ={(ri*ra)*...%ry_1 =rn|rira...r, € R}.
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Since for all Coxeter groups, for every generator 7, r> = e, it is safe to assume that there are no

inverses in any word in R. Furthermore, in this translation, the associated relation in the quandle
to the relation r2 = e is » = r, a trivial relation. Then there is no need to include these trivial
relations in the set of relations for the quandle presentation.

Similarly,

Definition 30. For a group H given by presentation (G|R), we define IQ(G, R) to be the involutory
quandle given by the presentation (G|R'), where

R ={(ri*ra)*...xrp_1 =7yn|rir2... 7 € R}.

These may not be well-defined operations for a given group. That is, two different presentations
for the same group may yield different quandles. However, when it is clear which presentation we
are using, we employ the notation IQ(Q) for IQ(G, R).

We will study the quandles IQ(Iy), where I is the Coxeter group given by the Coxeter matrix
(+%). In other words, I, = (a, bla®,b%, (ab)*, (ba)*). Then

IQ(Ix) = {(a,blabadb...a = b,baba ...b = a).
2k—1 2k—1

First, we show the following bound on the size of IQ(Ix) without the use of Cayley graphs.
Lemma 31. |IQ(I)| < 2k — 1.
Here we use an inductive argument instead.
Proof. Let W be
{a,ab,aba,...,aba... b ba,bab,... baba...}.
—— N——
k k

(Note not all of these words are necessarily unique.)

We will show that IQ(I;) = W. Specifically, we will show that every word in IQ(I), in normal
form, has length less than k. Recall that the normal form of a word is when the word has been
left-associated, and instances of axioms I and II have been used on it to shorten it as much as
possible (see Definition 6). Let w be a word in IQ(I;) be written in normal form. Then w = bab. ..

or w = aba.... We will induct on |w|. When |w| < k, since w is in normal form, w must be in W,
as desired. Else |w| > k. Without loss of generality, w = aba.... Since |w| > k, we can use the
relation abab ...a = b. Substituting, we get w = (b)bab... = bab.... Repeat until the length of w
————
2k—1

is no more than k, in which case it must be in W, proving the claim.
|W| = 2k. Furthermore, abab...a =0bso aba...b=baba...b. Then
—_—— —_———  —

2k—1 k k
1QUL)] < [W]—1=2k—1
O

However, a Cayley graph for IQ(I) with 2k—1 vertices will demonstrate the same thing, without
having to go through an inductive argument.
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Figure 10: Involutory Cayley Graph for 1Q(I)

This graph, shown in Figure 10, will provide enough information to determine exactly what
IQ(I)) is. But first, we need to be able to translate the graph into a quandle. The first step is to
define a homomorphism between quandles that needs only to be defined on the generators that can
be then extended to the entire quandle:

Proposition 32 (Winker). Let (G|R) be a presentation of a quandle Q. Let h : G — Q' be
a map from the generators to a quandle Q'. Let h' : Q — Q' be an extension of h defined by
B (t(g1,92,---,9n)) =t(h(g1),h(g2), ..., h(gn)) where t(g1,g2,-..,gn) is a term over the generators
in G (i.e. any element of Q). h' is a well-defined homomorphism if h' preserves every relation of
Q. That is, if w1 = wy is a relation in R, then h'(wy) = h'(ws).

With this homomorphism &/, we can now give conditions for when it is an isomorphism:
Corollary 33. If such a well-defined b/ : Q — Q' exists, h' is onto, and |Q| < |Q’|, then Q = Q'.

If such an A’ : @ — @’ exists, then |Q| > |h(Q)|. But if A’ is onto, then |Q’| = |h(Q)]|, in which
case |Q'| <|Q] <@, i-e. |Q| =|Q|. Thus A’ is also injective, and hence is an isomorphism.
Finally, this allows us to translate the graph into a quandle by relating the two through A':

Corollary 34. Let T' = (V, E) be the Cayley graph associated with a quandle Q. Let Q' be the
quandle (V,x,/) where * is defined in the following manner: x xy is the element of V' given by
tracing x * y written in normal form. That is xxy = (... ((g1 * g2) * g3) * ... gr—1) * g for some
91,92, - -, gk in G. Starting with the vertex g1, there exists a path given by taking edges go, g3, etc.
in succession. x xy is then defined as the vertex at the end of this path.

Then Q = Q'.

In other words, the Cayley graph of the quandle represents the quandle in an intuitive fashion.
To prove it, we merely need to check that the conditions from Corollary 33 hold true.
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Proof. First, it is straightforward to check that Q' is well-defined.

Let h: G — Q' be given by h(g) = ¢', where ¢’ is the vertex labeled g. This is a well-defined
map by Definition 16. Let A’ be given as in Proposition 32. h’ preserves relations, as for any
relation x = y in R, h/(x) and h'(y) are vertices in I' and must be the same vertex by Definition
16. Then by Proposition 32, k' is a well-defined homomorphism. The bijection between elements
of  and vertices also both implies A’ is onto and the number of vertices is equal to the size of the
quandle. Then |Q| = |Q’|. Thus we have satisfied the conditions for Corollary 33, as desired. O

Corollary 35. |1Q(I;)| =2k — 1.

Instead of having to use an inductive argument, we can show that the size of IQ(I}) is 2k — 1
much more easily using a Cayley graph. To show that Figure 10 is the Cayley graph for 1Q(Iy), it
suffices to give the relations needed to trace the graph for a given k.

The primary relations are abab...a = b and baba...b = a. The idempotence relations are

—— N——

2k—1 2k—1
axa=a and b*xb =b. The secondary relations are:

b(abab . ..a) = b(b)
—_—
2k—1
b(abab...a) = b(a)
2k—1
aba .. (abab...a) = aba... (b)
S——— N——
¢ 2k—1 ¢
aba.. (abab...a) =aba.. (a)
S—— N——
¢ 2k—1 ¢

for 1 < £ < 2k — 1. Tracing these relations result in Figure 10, which has 2k — 1 vertices. Thus
|IQ(Ix)| = 2k — 1. Furthermore, the Cayley graph gives a way to find out what any word in the
quandle is: convert the word to normal form and then trace it through the graph.

As an aside, it turns out that IQ([x) are a really nice class of quandles, because they are Latin.

Definition 36. A Latin quandle is a quandle @Q where for all z,y,z in Q, if x * y = = * z, then
Y=z

The name is due to the fact that the Cayley table of a finite Latin quandle is also a Latin square,
which means there are no repeats in any row or column.

Proposition 37. 1Q(Ix) = (a,b|abab...a = b,baba...b = a) is Latin.
2k—1 2k—1

Proof. First, we show that for any finite involutory quandle @, if for some z( in @ we have xg*xy =
o * z implies y = z for all y, z in @, then @ is Latin.

So suppose there exists an xg in Q) such that we have xg *x y = zg * z implies y = z for all y, z
in Q. Now let x in ) and suppose = * y = x * z. Since @ is finite, there exists a ¢ in @ such that
xo*q = . Then (zg*q)*y = (x0*q)*z. Multiplying on the right, ((xo*q)*y)*q = ((xo*q)*z)*q.
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This is equivalent to xq * (y * ¢) = xg * (2 * ¢). From our assumption about xg, y * ¢ = z * q. Hence
Yy = z, so @ is Latin.

Then it suffices to show that for all y, z in IQ(Ix), if a *y = a * z, then y = 2. We do this by
showing that for some y in @, a xy = ¢ for all ¢ in IQ(I}). Since IQ(Iy) is finite, this implies that
a * y is unique for each y, which implies what we need to show.

Let y in Q. We know that IQ(I;) = {a, ab,aba,...,aba... b ba,bab,... bab...}, soy=aba...

—— —— ——

k k ¢
for some ¢ such that 1 < ¢ < k or y = bab... for some ¢ such that 1 < ¢ < k. First, suppose that

¢
y=uaba... If(isodd, then
——

14

axy=ax(aba...a)=agagba...a=gaba...qa.
¢ 20—1 201

If £ is even, then
axy=ax(aba...b) =abab...b=aba...b.
———— —_———— e —

14 20—1 20

Now suppose that y = bab. ... If £ is odd, then
¢

axy=ax(bab...a) =abab...b=aba...b.
¢ 20-1 20

If £ is even, then
axy=ax(bpab...a)=aaba...a.=aba...aq.
——— —_—_———— ——
¢ 20—1 20-1

Thus there exists a y in @ such that a xy is in {a, ab,aba,...,aba...a}. But this set is IQ(Ix). So

2k—1
axy = q for all ¢ in IQ(I), as desired.

3.1 One-Relator Quandles

Besides quandles created from Coxeter groups, we are also interested in one-relator quandles, which
are quandles with a single primary relation. It turns out there is a useful intersection:

Theorem 38. One-relator involutory quandles on two generators can be classified into 1Q(I) and
Ji, where Jy is defined as Ji, = {(a,b|aba...b = a). Furthermore, all one-relator involutory quandles

2k
on two generators are finite.

Proof. Given a relation x = y over two generators a and b, we can assume without loss of generality
that x and y are in normal form and that z starts with a. x and y must be of the form abab...
and baba . ... Then we can move all but one generator over from y to the left-hand side, resulting
in four possible relations: aba...b = b, aba...a = a, aba...a = b, or aba...b = a. For those
first two possible relations, we then multiply both sides on the right by b or a respectively, giving
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two possibilities for this relation: aba...b = a for an even number of generators on the left-
hand side, or aba...a = b for an odd number of generators on the left-hand side. This yields
IQ(Ix) = (a,blaba...a =b), and Jy = (a,blaba...b=a).

—— N——

2k—1 2k
It remains to give the Cayley graph for Ji. The Cayley graph is shown in Figure 11.

a b
O,

b| e
ab ba
a b |
aba bab
aba bab...b

TQ%} 2k

Figure 11: Involutory Cayley Graph for Jj

The relations necessary to trace this graph are the following: The primary relation is aba ... b =
———

2k
a, the idempotence relations are a * a = a and b x b = b. The secondary relations are:
aba.. . (aba...b) =aba...(a)
N N — N——
¢ 2k ¢
bab...b(aba...b) =bab...b(a)
N N———~ N——
2¢ 2k 20
for 1 < ¢ < k. Tracing these relations results in Figure 11, so |Ji| = 3k. Hence all one-relator

involutory quandles on two generators are finite.
O

Now that we know how Cayley graphs can be used to explore quandles like the one-relator
involutory quandles, we return to the word problem:

Proposition 39. Let Q = (G|R). If any finite portion of the Cayley graph for Q is constructible
in finite time, then Q has a solvable word problem.

Proof. Let @ =< G|R > be given. Let wy,ws in L(G). Using Algorithm 20, construct a finite
portion of ) that labels both w; and wy. From Corollary 26, w; = ws if and only if w; and ws
label the same vertex, solving the word problem. O
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Since our algorithm constructs the entire Cayley graph in finite time for finite quandles, it
immediately follows that finite quandles have a solvable word problem. This is a very natural result
that should be expected to follow from this algorithm.

So far, all of the Cayley graphs we’ve seen have been finite. If the Cayley graph is infinite,
however, the algorithm above to construct the graph will take infinite time. However, the algorithm
nicely allows an alternative approach to construct the Cayley graph: We can induct over the number
of iterations, merely showing that each iteration through the algorithm doesn’t collapse vertices
introduced in previous iterations. For example, the Cayley graph for (a,b, c|a * b = ¢) is shown in
Figure 12.

In order to show that this is the Cayley graph, we assume as the inductive hypothesis that the
partial Cayley graph after iteration ¢ has the following vertices: {a,c,caba...a,caba...b} in the

—_——

2k 2k+1
component containing ¢ and {b,baba...a,baba...b} in the component containing b for each 1 <
——

2k 2k+1
k <. And the only vertices created in step i were the last four, i.e. caba...a,caba...b,baba...a,
—_— N Y —

2 2i+1 2i
and baba . . .b.
——

2i+1
Then in iteration ¢ + 1, the following relations are traced:

caba . . .a(ab) = caba. . .a(c)
—— —
2% 2
caba . . .b(ab) = caba...b(c)
—— ——
2i+1 2i+1
baba . .. a(ab) = baba . . . a(c)
S—— ———
2 2
baba . .. b(ab) = baba . . .b(c)
—— ——
2i+1 2i+1

Normalizing, these relations are:

caba ...bab = caba...ac
—_—— —
2i+3 2i+1
caba ...a = caba...bc
—_—— —
2i—2 2i42
baba ...bab = baba . ..ac
—_— —
2i+3 2i+1
baba . ..a = baba . . .bc
—_—— —
2i—2 2§42

Tracing these relations, then, introduces four new vertices: caba...a,caba...b,baba...a, and
—

2i42 2i+3 2i+2
baba . .. b, as desired. It is easy to check that tracing these relations yields the structure of the graph

2i+3
seen in Figure 12. Thus the induction is complete.
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Figure 12: Involutory Cayley Graph for {(a,b,cla x b = c¢)

4 Conclusion

In this paper, we have given an improved algorithm for solving the word problem in quandles.
This allowed us to solve the word problem for all finite quandles, including one-relator involutory
quandles on two generators. It also gives us a method for solving the word problem for non-finite
quandles by taking advantage of the structure of the algorithm. This has given us a strong foothold
into solving the word problem for many quandles.

There are many fronts for continuing work. First, there is work to be done on the algorithm
itself. We have given a naive construction of the algorithm, but a clever one with a faster asymptotic
runtime will establish good bounds on how long it takes to solve the word problem when it is indeed
solvable.

Second, it is quite possible to prove that many quandles have a solvable word problem using
this algorithm. To find out which quandles these are, we have written an implementation of the
algorithm to speed up this process. One-relator quandles continue to be good candidates, as they
seem to all have a solvable word problem so far. In addition, the algorithm takes time proportional
to the number of relations, so these are faster to run. Other quandles that may prove to be
interesting are quandles whose presentations come from presentations of groups. We give one way
of translating presentations, but there needs to be more work on finding a well-defined translation
that preserves the property that the word problem is solvable.

Finally, the existence and usefulness of Cayley graphs for quandles suggests that Cayley graphs
may be possible for many types of algebras. Extending a notion of Cayley graphs to other algebras
may then lead to insight on the word problem for other algebras.

While there is much more work to be done on the topic, this paper has made progress on solving
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the word problem in quandles.
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